In memory of Dick Lehmer, with thanks for the Western Number Theory conferences, and for launching at least one of us on a career in number theory. 
Introduction
Melvyn J. Knight has asked which integers n can be represented as (1) " = (*+>, + z)(i + i + I), where x, y, z are integers, perhaps positive ones. Rewrite ( 1 ) as (2) (x+y + z)(yz + zx + xy) = nxyz.
If (x, y, z) is a solution, so is any permutation. So is (kx ,ky,kz) for any k . By putting k = -1 we see that at most one of x, y, z need be negative. Also, it suffices to find rational solutions, and to retrieve primitive integer solutions, with gcd(x, y, z) = 1, by an appropriate choice of rational k . If (x, y, z) is a solution, so is (l/x, 1/y, 1/z). Indeed, (2) is quadratic in x, y and z, and solutions occur in reciprocal pairs: The right side of ( 1 ) may be written as 9 | (y-z)2 | (z-x)2 | (x-y)2 yz zx xy ' so that if x, y, z are all positive, no integer less than 9 can be represented, and 9 only with x = y = z .
A FAMILY OF ELLIPTIC CURVES
Write (2) as (3) x2(y + z) + x(y2 + (3 -n)yz + z2) + yz(y + z) = 0, so that _ -y2 + (n-3)yz-z2-A () 2(y + z) where (5) A2 = / -2(n -l)y3z + (n2 -6n + 3)y2z2 -2(n -l)yz3 + z4.
By standard arguments (see, e.g., Mordell [4, p. 77-78] ), (5) is birationally equivalent to the elliptic curve (6) t2 = CT(er2 + (w2 -6« -3)er + 16«), and this allows us to write down maps between (3) and (6) as follows:
(7) o = -4(yz + zx + xy)/z2, x = 2(<j -4n)y/z -(n -l)er and fiZ = ±T-("-i)g 1 ' z 2(4«-rj) '
The solutions to Knight's problem for any particular value of n , if there are any, will correspond to rational points on (6) . By the Mordell-Weil theorem these form a group comprising a finite torsion group and a finitely generated infinite group with r generators, where r defines the rank of the curve. Geometrically, the curve (6) has two components, an "egg" for values a < 0, and an infinite branch when o > 0.
We characterize representations in which x, y, z are all positive. From (7), a < 0. If n < 0, then, from (1) or (2) , at least one of x,y,z must be negative. If n > 0, then, from (8), x,y, z will all be positive just if (a < 0 and) (n -l)2a2 > x2, i.e., (n -1)V > a(a2 + (n2 -6n -3)a + 16«).
Divide by a (< 0) :
which is always true if « > 0 and a < 0.
Necessary and sufficient conditions for a positive representation are « > 0, a < 0.
If there is a rational point on the egg, then there are such points on the infinite branch; i.e., if there is a representation with positive integers, then there will also be representations with x, y, z not all of the same sign. But the converse is not true. It is possible to have an infinite number of rational points on the infinite branch and none on the egg. The smallest such example is n = 29, which has (x, y, z) = (5, -26, 195 ) and an infinity of other solutions, but none of them positive.
If P is on the egg, then just the odd multiples of P give positive solutions. E.g., for « = 11 the point P (-11,55) corresponds to the solution (x, y, z) = (3, 1,2). The point 2P(\, y) gives the nonpositive solution (7, -5, 140), while 3P gives (22243, 8177, 8874). The next smallest positive solution is given by 5P :
(596917970819,264668812593,765759090202).
The only values of « less than 1000 with positive representations are precisely those shown in bold type in Table 1 in §8. The integer n = 997 has no positive representation even though it corresponds to a curve of rank three (the solutions (30, -8455, 38418), (390, -1219, 572010) and (85, -187068, 271740) are independent).
Some singular cases
The discriminant of (6) is
and it follows that (6) is singular only for « = 0, 1 and 9. « = 0 : x2 = a2(a -3), a -3 = p2, where p is rational, (a, x) = (p2 + 3, ±p(p2 + 3)) and equation (8) For example, any three integers whose sum is zero.
n=l: x2 = a(a-4)2,(a,x) = (p2, ±p(p2 -4)),
x,y +p z 2 '
x :y : z = -p: p:2.
For example, any three integers of which two sum to zero. n = 9 : t2 = a(a + 12)2, (a, x) = (4p2, ±&p(p2 + 3)),
Rational values of p give integer solutions, with at least one of x, y, z negative. For example, (2, 30, -5) and (15, 1, -6) are given by p = ±2, ±5, ± §, ±9, ±5 , ±3 . But to get the obvious (and unique positive) solution x = y = z we have to put p = ±iy/3 .
The torsion group
We assume that the curve is nonsingular, i.e., «^0,1 or 9. The point (0, 0) is always of order two. When n < 0, this point is on the egg, and when « > 0, it is on the infinite branch. There can be other rational points of order two only when (9) is a perfect square, i.e., for the three excluded values, and for n = 10. The points of inflexion, (4, ±4(« -1)), are rational and of order three. The points (4«, ±4«(« -1)) are of order six. In the general case the tangents to the curve from the sole point of order two are not rational, so that there are no rational points of order four. The tangents to the curve from the point of inflexion (4,4«-4) have slopes p given by (p + 2)2 = (n -l)2 and (p -2)2 = (n -1)(« -9). The first pair are those of the tangent at the point of inflexion itself, with slope « -3, and the tangent at the point (4«, -4«(« -1 )) of order six, with slope -(« + 1). The other two slopes are rational only in the excluded cases, and for « = 10. In all cases except « = 10, therefore, the torsion group is Z/6Z. « = 10: T2 = a(a + 5)(cr + 32) displays four more points of order six, namely (-8, ±24) and (-20, ±60), and the torsion group is isomorphic to Z/2Z x Z/6Z. The solutions (2,1,2) and (2,1,1) of (1) given by these additional torsion points are essentially unique since in fact this curve has rank zero and accordingly has no rational points of infinite order. Only for « = 10 do we obtain a rank-zero curve affording solutions to (1) .
The relationships between the permutations and reciprocals of a solution (x, y, z) and the points on the curve (6) are exhibited in the following table, where x = lcm(x, y, z)/x, etc.
Calculating the rank
To find the rank of (6), we first note (see, e.g., Silverman [5, p. 74] ) that there are isogenies of degree two between (6) and
The isogenies are and
The discriminant of (10) is 64« , so that the quadratic factor splits just if « is a perfect square. Put n = v2 :
The curve (10) has, in general, a torsion subgroup isomorphic to Z/6Z. The torsion points are 00, (0, 0), two points of inflexion ((« -1 )2, ±4(« -1 )2) of order three, and two points ((« -1)(« -9), ±4(« -1)(« -9)) of order six.
In the special case when « = v2 is a square, the torsion subgroup is isomorphic to Z/2Z x Z/6Z. There are two additional points ((v + l)3(v + 3), 0) of order two, and four more points of order six, namely (5b, ±4vSo) where S0 = (v2-l)(v±l)(v±3).
To calculate the rank of (6) for particular values of « , we follow Birch and Swinnerton-Dyer [1] , as exposed by Cassels, Ellison and Pfister [3] : compare also Bremner [2] .
Any rational number may be written in the form a = ôa2/b2, where ô, a, b are integers, 6 is squarefree, a, b are nonnegative, and a L b (a is prime to b). Substitute in (6) and note that x is of shape ôac/b3, where c is an integer and (14) ôc2 = ô2a4 + ô(n2 -6« -3)a2b2 + 16nb4, so that ô\16nb4. We may assume that ô L b. For if p\S and p\b, then p2 divides the right, and hence the left, of (14): now ô is squarefree, so p\c2 , p3 divides the left of (14), p3\ô2a4 , p\a, contrary to a Lb . The existence of a rational point on (6) therefore implies (15) <5|2«.
[In fact we shall soon see that « odd implies ô odd, so that S\n .] If px, ... , pk are the distinct prime factors of « , then
with each e, = 0 or 1, and there are 2k+x candidates for ô. From the underlying algebra, it is known that those ô for which there are solutions form a multiplicative 2-group; however, this is straightforward to verify directly as follows.
Lemma 1. (a)Ifâ(a, b, c) is a solution of (14) for n = nxn\ with nx squarefree, and S = SXS2 with nx = Sxex, n2 = S2e2 > then there is also a solution with ô replaced by exô2 = n/ôel and (a, b, c) replaced by (4e2b, a, 4e2c).
(b) If ôx(ax, bx, cx) and S2(a2, b2, c2) are solutions of (14) and ôx = gdx, <$2 = gd2 with dx ± d2, then ô(a,b, c) is also a solution, where ô = dxd2, and a : b = axbxc2 -a2b2cx : dxa\b\ -d2a\b\ .
The corresponding treatment of (10) is to write 5 = AA2/B2, T = AAC/B3 with A, A, B, C integers, A squarefree, A and B nonnegative and ALB, so that
Note that, from the first form, A divides the squarefree part of («-1)(«-9), and that if « > 9, A is positive (else the left side would be negative and the right side positive). From the second form, A is also positive if « is negative.
Those A for which there are solutions also form a 2-group; the lemma corresponding to Lemma 1 is as follows. There is always the solution 3=1, (a, b, c) = (1, 0, 1), corresponding to the point at infinity on (6), and, if « = nxn\ with «i squarefree, the solution 3 = «i, (a, b, c) = (0, 1, 4«2), corresponding to the origin (0, 0) on (6) . The latter gives a distinct value of 3 just if « is not a perfect square. So the order of the ¿-group is at least 21, except in the perfect square case, when it may be only 2°. Then, however, we shall see that the order of the corresponding A-group is at least 22.
There In all cases, if the orders of the 3-and A-groups are 2y and 2r, then the rank r is given by (17) r = y + Y-2.
Local obstructions
The local restrictions on 3 are completely described by Lemmas 3, 4 and 5, which respectively list all exclusions arising from p = 2 , p = 3 and p > 5 . 
Descent arguments
For a given value of n and of 3 or A, although there is no local obstruction to a global solution of (14) or (16), a fairly extensive search may not reveal a solution. In such cases it is possible to carry out a descent argument, perhaps leading to a proof of impossibility. In any event, this allows a much more efficient search, which in turn may lead to the discovery of a solution.
If the curve (14) is everywhere locally solvable, then so is the associated quadric Equations (14) and (19) may be combined and factored to transform the problem into finding integer solutions of the equations (20) ha2 = a0w2 -2c0wv + (3a0 + (n2 -6« -3)b0)v2,
where « is a squarefree divisor of (« -1)(« -9)bo ■ The corresponding value of c will be given by (21) is locally unsolvable for all choices of h, then there are no solutions globally, and so no solutions to the original equation.
For a given h it is possible to characterize explicitly those primes p such that (20), (21) are simultaneously locally solvable; but we do not list the relevant conditions here.
If (20), (21) are locally solvable for all primes p , then certainly there will be values h, ßx,vx,wx such that
and it can be shown that other solutions of (21) (20), (21), each of which leads to a locally solvable pair of quadrics. However, an extended search failed to find any rational points for any of the values of h. Computation of the L-series Le(s) associated with the elliptic curve E of this example shows that Le(1) ^ 0 whence the conjectures of Birch and Swinnerton-Dyer imply that the rank of E is zero (actually, given results of Kolyvagin, all we need is that our curve be modular), so that there are no nontrivial rational solutions of (1) 
Results
By computation on the curves (6) and (13) we searched for solutions of (1) over the range -1000 < « < 1000. In all cases the methods of §5 give an upper
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use bound for the rank, and in many cases allow its explicit determination. In any event, the Selmer conjecture predicts the rank parity. As a check, and in order to obtain the value of the rank with reasonable assurance, we assumed that our elliptic curves are modular, i.e., that they satisfy the Taniyama-Weil conjecture, and worked with their corresponding L-series, Le(s) . Taking on faith the conjectures of Birch and Swinnerton-Dyer, then the evaluation of Le (1) and L'E(l) together with the explicit numerical solutions found by computer search allowed us to deduce the exact value of the rank within the range under consideration. PARI-GP was used for this computation; for details of the underlying theory and series summation, see, e.g., Zagier and Kramarz [6] .
REPRESENTATION OF INTEGERS AS
Results are given in Table 1 , where each entry is the rank (modulo the conjectures of Birch and Swinnerton-Dyer). An asterisk denotes a singular value of « and a blank denotes rank zero. Boldface type is used for those « for which there is a positive representation. Note that there exist representations for the singular values of « , and also for « = 10, despite its curve being of rank zero.
We have compiled a table of solutions (x, y, z) of ( 1 ). For each « we give r independent solutions (where r is the rank of the curve), except in about 5% of the cases, where solutions have still to be found. We confidently expect that this table gives the "smallest" possible solutions in each instance. The measure of the size of a point on an elliptic curve is given by its height, and our search process finds solutions in increasing order of height. In rank-one cases the conjectures of Birch and Swinnerton-Dyer allow us to estimate height of a generator x the order of m, where m is the Tate-Shafarevich group. Since the search process finds all solutions of small height, we can confidently predict the (perfect square) order of ui by calculating the height of our known solution P ; this provides a check that P is a generator. For example, if « = -568, then the height of a generator x the order of m « 115.2. If |in| > 9, then a generator would have height at most 12.8 and our search tells us that there are no such points. Since the height of our known solution P is « 28.8, it follows that |iu| = 4 and P is a generator. We have also checked one or two examples of rank two (necessitating the evaluation of L'¿(1)) to verify that we have found a system of generators. The full table with solutions over the range -1000 < n < 1000 is available on request.
The following are rank statistics for -1000 < « < 1000 : Negative values of « appear to give slightly higher ranks than positive ones do, but this may be due to the existence of sequences of parametric solutions, which, although of asymptotic density zero, account for 86 cases of positive rank in the interval -1000 < « < 0. (e) n = u\k: (x, y, z) = (-u2k_x, u2k+x, u2k_xu2ku2k+x), where uk, vk are the Fibonacci and Lucas numbers, satisfying wk+x = wk + wk_x , ux = «2 = vx = 1 , v2 = 3.
Conclusion
As a comment on the appositeness of Melvyn Knight's problem, we glance briefly at the corresponding problems with two or four variables. If 
